We find the explicit form of two-point function for the conformal spin-2 energy momentum operators on the near horizon of a near extremal Kerr black hole by variation of a proper boundary action. In this regard, we consider an appropriate boundary action for the gravitational perturbation of the Kerr black hole. We show that the variation of the boundary action with respect to the boundary fields yields the twopoint function for the energy momentum tensor of a conformal field theory. We find agreement between the two-point function and the correlators of the dual conformal field theory to the Kerr black hole.
Introduction
The holography for rotating black holes provides a description of black hole physics in terms of a certain two-dimensional conformal field theory (CFT). The first realization of the holography for rotating black holes was proposed for extremal Kerr black hole in [1] . The proposal states that the near horizon geometry of the extremal Kerr black hole does have a dual holographic description in terms of a two-dimensional chiral CFT. The proposal has been studied and extended extensively for other extremal or near extremal rotating black holes [2] - [9] . For all extremal and near-extremal black holes in different dimensions, the physical quantities associated to black hole (such as the entropy or scattering cross section) are in agreement with the corresponding microscopic dual quantities in CFT. Moreover, inspired by the fact that near horizon region of a near extremal Kerr black hole contains a two dimensional copy of Anti de Sitter, a field theoretic calculation can be done to find the two-point correlation functions of conformal fields with different spin. Explicitly, in [10] , the two-point correlation functions of spinor fields were constructed by calculating the on-shell gravitational action for the spinor fields with appropriate boundary condition. Though the on-shell bulk action for the spinor fields vanishes, however one can add a boundary term to the gravitational action which doesn't vanish on-shell [11] . The variation of the boundary action yields the proper two-point correlation functions for the conformal operators. In a recent article [12] , the authors used an appropriate boundary action for the vector fields to calculate the two-point functions of conformal vector fields. In this article, we derive the two-point function for the energy-momentum tensor fields in the background of Kerr black hole. The first step is to find an appropriate boundary action for the spin-2 fields. In this regard, we write the EinsteinHilbert action as the summation of two actions. The first action is a bulk action that unlike the Einstein-Hilbert action depends only on the metric tensor and its first derivative. Although the bulk action is not a scalar under the general coordinate transformations, however it leads to the same Einstein's field equations. The second action is a boundary action that depends on the metric tensor and the Christofel symbols. We consider the boundary action and calculate it on-shell to find the two-point functions for the spin-2 energy momentum tensor fields, on the near horizon region of the Kerr black hole. We then compare the result of our calculation to the correlation functions for spin-2 conformal operators in a conformal field theory.
The paper is organized as follows. In section 2, we consider an appropriate boundary action to calculate the two-point functions of conformal energy-momentum tensor operators. In section 3, we review the gravitational perturbation of the Kerr black hole in NewmanPernrose formalism and present the radial and angular Teukolsky equations. We notice that two Weyl scalars have separable decompositions in terms of radial and angular coordinates. We also present the explicit expressions for the spin coefficients in terms of the Teukolsky functions and their derivatives. We then calculate and present explicitly all the components of the gravitational perturbation field, as a bilinear form in terms of the radial and angular Teukolsky functions. Moreover, as the boundary action is over the horizon of the black hole, we present approximate solutions for the radial Teukolsky functions. In section 4, we explicitly calculate the boundary action on-shell and show that taking the functional derivatives of the action with respect to the boundary fields (that are dual to the conformal energy-momentum tensor operators), yields the two-point function of boundary conformal operators. We discuss about the results and note that one part of the two-point function can be written in terms of the retarded Green's function for the spin-2 fields, in agreement with previous suggestions in [13] . In section 5, we show that our field-theoretical two-point function can be matched to the Fourier transform of the finite temperature two-point function for spin-2 operators, by proper choice of conformal weights.
Boundary action for gravitational perturbations of a black hole
The gravitational action for a general four-dimensional curved spacetime M with a boundary ∂M is given by
where
√ −gR and S GH is the Gibbons-Hawking boundary action. The bulk action S EH depends on the second order derivatives of the metric field g µν . However, we can use the following identity (2.2) to obtain a bulk action that depends only on the metric field and the first order derivatives of the metric field. In fact,
The bulk action S 1 clearly depends on the gravitational field and its first derivatives and resembles to the action for a scalar field or spinor or electromagnetic field that only depends on dynamical field and its first derivatives. We note that the Einstein-Hilbert actions S EH and S 1 (together with the Gibbons-Hawking boundary action) lead to the same Einstein field equations for the gravitational field, however the Einstein-Hilbert action S EH is definitely invariant under the general coordinate transformations, while S 1 , in general is not invariant. In this aricle, we consider the action (2.1) in the background of the Kerr black hole and use the boundary part of the action (2.2)
to calculate the two point functions of spin 2 gravitational perturbation fieldsh µν , where
µν + ǫh µν . In (2.3), the hypersurface r = r B is the boundary of near-NHEK geometry of Kerr black hole. The g (0)
µν describes the Kerr black hole which the line element in BoyerLindquist coordinates is given by
where ρ 2 =ρρ * ,ρ = r + ia cos θ and ∆ = r 2 + a 2 − 2Mr. Moreover the fieldh µν is the spin 2 field which represents the gravitational perturbation of the Kerr black hole (2.4). We present explicitly the different components ofh µν in section 3.
The Newman-Penrose null vectors l i , i = 1, · · · , 4 for the Kerr black hole (2.4) are given by
6)
In Newman-Penrose null-basis (2.5)-(2.8), the Weyl scalars Ψ 0 ,Ψ 1 ,Ψ 3 and Ψ 4 and spin coefficients κ, σ, λ and ν for the Kerr black hole (2.4) are zero, while Ψ 2 and the other eight spin-coefficients are not zero (Appendix A). However, if we consider the gravitational perturbation of the Kerr black hole (2.4) by a field of spin 2, the Weyl scalars Ψ 0 ,Ψ 1 ,Ψ 3 and Ψ 4 get first-order corrections. Moreover, the Weyl scalar Ψ 2 and all the spin coefficients get first-order corrections. We show the first-order corrections to any physical quantity by a superscript (1), for example Ψ
0 . The Kerr black hole (2.4) is stationary and axisymmetric and so, we consider the dependence of a spin 2 field to t and φ coordinates, in the background of the Kerr black hole, as
where m = 0, 1, 2, ... is the azimuthal number. We consider the different components of the gravitational perturbationsh µν as the real parts of h µν (t, r, θ, φ). In the Newman-Penrose null basis (2.5)-(2.8), the components h µν (r, θ) are given by [14] (2.10) where for simplicity in notation, we denote the null vectors l 1 , · · · , l 4 by l, n, m,m respectively. The vectors l µ(1) are, in general, a linear combination of the Newman-Penrose nullbasis vectors l ν . We show the transformation matrix by A that transforms the null vector basis l i , i = 1, · · · , 4 into the null basis for the perturbation
Gravitational perturbation field
To evaluate the on-shell boundary action (2.3), we use the explicit representation for the gravitational perturbation (2.10). The different components of h µν are given by [14] 
2)
3)
In equations (3.1)-(3.10), the different components of the matrix F are related to the components of A, up to different multiplicative functions. In fact, we have and the spin connections λ (1) , ν (1) satisfy three coupled linear Newman-Penrose differential equations. The most important result is that one can decouple the set of first three differential equations as well as the second set of differential equations. In fact, we get two decoupled differential equations for the Weyl scalars Ψ (1) 0 and Ψ (1) 4 as
and
In equations (3.12) and (3.13), the differential operators
n where n ∈ Z, are given by
14)
In equations (3.14) and (3.15), the r-dependent function K is given by K = − (r 2 + a 2 ) ω + am and the θ-dependent function Q is given by Q = −aω sin θ + m sin θ . We can separate the variables in the partial differential equations (3.12) and (3.13) according to 16) and Ψ
(1)
where R ±2 and S ±2 are called the Teukolsky functions. After substituting (3.16) and (3.17) in (3.14) and (3.15), respectively, we find that the radial Teukolsky functions R ±2 satisfy the equations 19) and the angular Teukolsky functions S ±2 satisfy the equations
We note that in equations (3.18)-(3.21),λ denotes the separation constant. We can utilize the ten degrees of freedom that exist in describing the gravitational perturbation to fix the gauge freedom and so set some conditions on physical quantities. These ten degrees of freedom include six degrees of freedom corresponding to the rotation of the tetrad basis and four degrees of freedom corresponding to the translation of the coordinates. A straightforward and lengthy calculation shows that the Weyl scalars Ψ (1) 3 = 0. This is a a proper choice for the Weyl scalars. A great advantage of choosing this gauge is that the spin coefficients can be written directly in terms of the radial and angular Teukolsky functions. In fact, we find the following relations for spin coefficients κ (1) , σ (1) , λ (1) and ν (1) in terms of the Teukolsky functions and their derivatives,
Moreover, we can use two coordinate degrees of freedom to set Ψ
(1) 2 = 0. We then have two remaining tetrad degrees of freedom and two coordinate degrees of freedom. We can use these four degrees of freedom to set all the diagonal elements of matrix A equal to zero; A 
in terms of three new functions
In what follows, we notice that these new functions can be expresses in terms of Teukolsky functions. Moreover, function C 1 in equations (3.1), (3.4) and (3.7) is given by
in terms of another new function Y 2 (r, θ). We notice later that the new function Y 2 also can be expressed in terms of Teukolsky functions. The function B 1 in (3.6) and (3.10) and C 2 in (3.5), (3.9) are given by
The relevant combinations of components of F that appear in equations (3.1)-(3.7), (3.9) and (3.10) are given by
33) where [κ, ν] and < κ, ν > are given by
where the spin coefficients κ (1) , ν (1) , λ (1) and σ (1) are given by (3.22)-(3.25), respectively. We notice that all components of the gravitational perturbation, except (3.8) are combinations of six functions
We use some other known relations to determine and fix these six functions. The summation of Y 1 and Y 2 as well as X 1 and X 2 are given respectively by
where the r-dependent functions F i , i = 1, · · · , 4 are
The different functions that appear in right hand side of equations (3.40)-(3.43) are combinations of the radial Teukolsky functions R ±2 and their derivatives as
where 
We denote the angular Teukolsky functions S ±2 by S ± in (3.51)-(3.53) to simplify the notation. The constant α in equations (3.42) and (3.49) is
. A straightforward calculation shows that
[LLS]
Moreover, we have the following equations
and where
Moreover, the derivatives of angular Teukolsky functions are given by
where the angular functions α 1 , α 2 and β 1 are
71)
72)
We can also find the second derivatives of Teukolsky functions in terms of Teukolsky functions. As an example, we find that the second derivative of radial Teukolsky function P + is
Using the first and second derivatives of the Teukolsky functions, we can express the functions
that appear in X 1 , X 2 , Y 1 , Y 2 entirely in terms of Teukolsky functions P ± and S ± . Moreover, the functions Z 1 and Z 2 are given by
76)
We note that using equations (3.54)-(3.57), (3.44) and (3.51), we can express the functions Z i , i = 1, 2 completely in terms of P ± and S ± . The expressions are very long and so we do not present them here. Moreover, we find that all the spin coefficients (3.22)-(3.25) can be written in terms of Teukolsky functions R ± and S ±
Furnished by all necessary functions that appear in gravitational perturbation, we find that all components of the gravitational field (3.1)-(3.10) can be written as
where f µν ij = f µν(−1) ij
As an example, we find that the functions f (3.87) ) has a structure as
where the functions A, B, C, E, F , G do not depend on ∆. Moreover, we notice that the presence of ρ in all components of the graviton h µν , makes the results (3.87) completely non-separable in terms of coordinates r and θ. However, in calculation of the boundary action, we consider a spherical boundary with radius r B as the boundary of the near-NHEK geometry. We set the radial coordinate in ρ equal to r B and so ρ B = ρ(r = r B ) depends only on θ. As a result, we check out explicitly that any single term in the expansion (3.86) is completely separable in terms of coordinates r and θ. In other words, we can re-write (3.86) as
where χ + = ∆ B , χ − = 1, the over-line means that there is no summation over superscripts µ and ν. The summation index ℵ in (3.98) shows all the individual terms that appear in expansion (3.87), for example,
Moreover as we consider the limit r B → r + , the metric function ∆ B = ∆(r = r B ) approaches to zero on the boundary. The smallness of ∆ B enables us to find out the most leading divergent term of any expression like (3.87) on the boundary, that contains a combination of powers of ∆ and general structure (3.97). We notice from (3.98) that all different components of graviton in the Kerr background are bi-linear combinations of the radial and angular Teukolsky functions R ± = R ±2 (r) and S ± (θ). The different solutions to the Teukolsky radial functions R ±2 were obtained in [13] for near region, far region and the matching region where r << 2r + , r >> r + (1 + τ H ) and r + (1 + τ H ) << r << 2r + , respectively. The quantity τ H is related to the Hawking temperature by τ H = 8πMT H and is a very small number for the near extremal Kerr black hole. In particular the solutions for the matching region r + (1 + τ H ) << r << 2r + are given by
where the new coordinate x is given by x = r−r + r + and
In (3.106) and (3.107), m is the azimuthal number, n =
where Ω H = a r 2 + +a 2 shows the angular velocity of the horizon. The constant β is
is related to the separation constantλ by K (2) l =λ + 2amω + 2 and we choose K
to have a real β. As we mentioned before, for the near extremal Kerr black hole τ H is a very small number and so for a fixed n, we find ω ∼ mΩ H . So, we only consider the graviton modes that their energies are almost equal to the super-radiant bound in the background of a near extremal black hole. Moreover, for a near extremal Kerr black hole, Ω H ∼ 1 2a
and so we find a relation between the energy and azimuthal number as 2aω ∼ m. In near horizon where x → 0, we rewrite the solutions (3.104) and (3.105) as
In the near horizon limit, the Teukolsky radial functions satisy
where the Starobinsky constant W is equal to
Using equation (3.111), we find the ratio of the coefficients N + and N − in the near horizon limit, is given by
4 The boundary action for the gravitational perturbation
In this section, we calculate the on-shell boundary action (2.3) and then find the two-point function for the conformal energy-momrntum tensor operators. We find the following relation for the measure function of the boundary action as
αβ . Moreover, we find that the Christoffel affine connection can be expanded in terms of ǫ as
Substituting expressions (4.1) and (4.2) in (2.3), we find the only relevant terms in the boundary action that lead to the proper two-point function are
(4.6) We notice the different components of the affine connections that appear in the integrand of S
λσ,r , (4.7)
and Γ
We write the gravitational perturbationh αβ as 1 2 (h αβ e −iωt+imφ + h * αβ e iωt−imφ ), and we find that the boundary action (4.6) can be written as
We note that in equations (4.10) and (4.11), for simplicity in notation, we omit the superscript (0) for the Kerr background. From equation (3.98) on the boundary r = r B , we find
where we define the boundary quantities
and h
In equations (4.13) and (4.14), R B± means R ± (r B ). We find that the gravitational perturbation field (3.98) is given by 15) in terms of boundary fields (4.13) and (4.14). In other words, the gravitational perturbation field can be split into two terms that in each term the non-radial dependence is included in the boundary fields h µν B± . Moreover, we notice that (4.15) can be written as 17) and 18) respectively. After a lengthy calculation, we find that the second and third terms in (4.16) are the dominant terms in the boundary action (4.10), which is
To calculate the integrals in (4.19), we need the derivatives of the radial Teukolsky functions (3.109), (3.110) in near horizon limit where r B → r + . We find that the derivatives of radial Teukolsky functions are
We note that the second term in right hand side of equation (4. 
where H αβ B+ (t, φ) is equal to ∆ B e −iωt+imφ R B+ for α, β = t, r, θ, φ and
As a result, the leading term in the boundary action becomes
(4.25)
Using equations (3.109) and (3.110) for the Teukolsky radial functions, we find that the ratio of boundary Teukolsky functions
in equation (4.24) , is given by where 
where we find that G R is given by
As we notice, the second and third terms in bracket in equation (4.29) are complex conjugate of each other and so we find a real-valued two-point function for the boundary conformal operators. However according to similar analysis in [12] , [10] and [15] , we can drop the second term in (4.29) to find a complex-valued two-point function for the boundary conformal operators. We also notice that the coefficients of term G R F αβγδ in (4.29) depend on the momentum and do not contribute to the G R , given by (4.30). Similar momentumdependent coefficients previously have been found for the two-point functions of spin-1/2 operators [10] as well as spin-1 operators [12] . Moreover, we note that the first term in bracket in equation (4.29) is just a constant, compared to the third term that is proportional to G R . The last term in (4.29) is very small compared to the third term, since according to equation (4.26) , the ratio of the last term to the third term is proportional to (
where τ H → 0. Hence we conclude that the field theoretical two-point function for spin-2 conformal operators O αβ on the boundary can be described by G R F αβγδ . The retarded Green's functions for fields with different spins were proposed in [13] and [16] . We note that G R , as a part of two-point function G R F αβγδ for the boundary conformal operators, is in perfect agreement with the proposed retarded Green's function for spin-2 fields. We also find that the absorption cross section of fields (with spin 2) is in exact agreement with the result of paper [17] if we apply the optical theorem to the retarded Green's function (4.30).
Correlation function of spin-2 operators in CFT
The correlation functions for spin-2 operators in a conformal field theory have been found in the context of gravitons in AdS/CFT correspondence [18, 19] . The two-point correlation function for the spin-2 conformal operators on the boundary of a d + 1-dimensional AdS is given by
where C is a constant that depends on d and x denotes a point on the boundary of AdS and
The result is based on using the radiation gauge and time slicing formulation.
We know that using other gauge conditions, the two-point function (5.1) takes a more general form such as
where the functional form of tensor V αβγρ depends on the gauge condition. As the near horizon of near extremal Kerr black hole contains a copy of 2-dimensional AdS, we expect that the two-point function of spin-2 conformal operators is given by (5.2). However, we notice that it would be a very difficult and even impossible task to find the functional form of tensor V αβγρ for the gauge conditions Ψ
= 0. We noticed that these proper gauge conditions enable us to write the spin coefficients of the Kerr black hole, directly in terms of the radial and angular Teukolsky functions. However, comparing the factorized two-point functions of the spin-2 conformal operators (5.2) with the field-theoretic result G R F αβγδ suggests that we may associate the retarded Green's function G R to | x − y| −2d . Of course, we associate the remaining part of the two-point function F αβγδ with the Lorentz indices, to the tensor V αβγδ in (5.2). We also note that we can find the finite temperature two-point function of scalars [13, 16] , spin-1/2 fermions [10] as well as spin-1 fields [12] from the expression
by proper identification of left and right conformal weights h L and h R . In (5.3), 1/T L and 1/T R are the circumferences of two fundamental circles of a torus. In fact, for scalars the conformal weights are equal h R = h L = β + 1/2. For spin-1/2 operators, the conformal weights are h R = β +1/2 and h L = β and for spin-1 operators, they are given by h R = β +1/2 and h L = β − 1/2. The Fourier transform of the two-point function (5.3) is given by
where n R and n L stand for
respectively. If we consider the right and left conformal weights h R = β + 1/2 and h L = β − 3/2 for spin-2 operators, we then find
Moreover, we consider n L = m and n R = n − m in (5.5) and find an exact agreement with the retarded Green's function (4.30) that we found as a part of two-point function for spin-2 operators.
Concluding remarks
The energy-momentum tensor operators of the CFT that is dual to the near extremal Kerr black hole couple to the gravitational boundary fields with spin-2 on the near horizon of near extremal Kerr black hole. Hence we can find the two-point function of the energy-momentum tensor operators by finding the explicit form of a boundary action that is bilinear in the boundary fields. In this article, we construct explicitly such a boundary action and vary the action with respect to the boundary fields. We derive the explicit expression for the two-point function and note that the two-point function factorizes into two terms. We show that the result for the two-point function is in agreement with correlation functions of spin-2 conformal operators in a dual CFT. We also note that one part of the result heavily depends on the gauge choice that we made on fixing some of the Weyl scalars. Investigation about the gauge dependence of the two-point function would be an interesting project. Moreover, deriving the two-point function of the energy-momentum tensor operator with the primary fields of the dual CFT would be useful to establish a stronger field-theoretic approach to Kerr/CFT correspondence. 
